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PREFACE. 

The present work is designed to be a continuation of, 
and is intended to be used by the learner in connexion 
with, my treatise on " Geometrical Conic Sections " 
The object is not so much to furnish a key, as to 
illustrate the application of the principles of Geometry 
to the solution of questions in Conic Sections. It has 
been too much the custom to despise the use of 
geometrical methods, and to reject them as imcertain 
except in the solution of very elementary problems. 
The present work will, I hope, show that Geometry is 
a more effective and practical instrument in the treat- 
ment of this subject than is generally supposed. 

Another object that I have likewise kept in view is 
to supply a connecting link by which the student may 
be led from the simple process of following the steps 
of a demonstration, to devising for himself the solution 
of an original geometrical problem. Most persons 
engaged in teaching must have felt the want of some 
intervening step to bridge over this difficulty. With 
this purpose the Solutions are aU based on one or 
other of the propositions in the former treatise, and 
the student is left to modify the construction and 
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figure according to the particular question under con- 
sideration. An amount of care and attention will 
thus be rendered necessary, which cannot fail to insure 
the complete understanding of the principles of the 
subject, and which will make it impossible for the 
learner to acquire an apparent but treacherous know- 
ledge, by the undue use of a retentive memory. 
Prob. 31 of the Parabola, Prob. 55 of the Ellipse, 
and Prob. 32 of the Hyperbola, afford good illustra- 
tions of the plan 1 have pursued, which really 
indicates the way in which the properties were them- 
selves suggested. 

It has been found convenient to .refer occasionally 
to a new edition of the ** Conic Sections," which is 
now in course of publication. In this edition such 
slight modifications, as experience has shown to be 
needed, will be introduced. A consideralble number 
of unsolved problems will be added, and the work wiU 
be brought completely up to the requirements of the 
present time. 

I am indebted for much valuable help in the pre- 
paration of these " Solutions,^' to Mr. A. Freeman, of 
St. John's College, and to Mr. P. E. Drew, of Sidney 
College. 

W. a DEEW. 

Blaoeheath Pbofbietabt School, 
Novevfiber 20*^, 1861.' 
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PEOBLEMS ON THE PARABOLA. 

1. Draw BQ at right angles ix> AB; then 

AS.8Q = BS' = 4:A8\ 
.-. SQ = iA8,a3idLAQ = 5A8. 

2. The triangles PNG, QPK are equiangular, and have 
the side BG common, 

.*. they are equal in all respects, 

.-. BK=NG = 2A8 

3. 8P= 8G = 2NG = 4A8=BC. 

4. Produce P^ to meet the axis in T, and join A Q ; then, 

8T.8A = 8Q*=^4:AS', 
.: 8T=4:A8,mi8N=2A8, 
.-. 8A : 8Q:: 8N : 8P, 
.: L8QA = L8PN,ot LQ8B = LB8B. . 

5. Since P8Z is a right angle, and /S'Fperpendicular to PZ, 

'.• PY.PZ=8P', 
also PY. YZ^ 8Y* = 8A. 8P. 

6. AN.NL = PN* = ^A8.AN, 

.:NL=>4:A8. 

7. Let the tangent at P meet the latus rectum in L ; then 

ZY : YL :: XA : AS, 

B 
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.-. ZF= YL, 

and SYis perpendicular to ZL^ 
.-. 8Z=SL, 

8. Since AT=i ANy and the angles at A are right angles, 

.-. TY=^NY. 

Also, since the angles at N and Y are right angles, a circle 
may be described about SNFY^ 

/. TP. TY= TN. T8. 

9. Let the tangent at P meet the tangent at -4 in F; then 
since 8 YP is a right angle, the circle described about 8NP 
will pass through Y, 

Also, since AY^ ^ A8 . AT = AS , AN, 

. •. ^ F is a tangent to the circle. 

Now^T: PN :: AT : TN, 

.\AY=\PN. 

10. Let the tangent, ordinate, and normal at P meet the 
axis in 2", JV and 6^'; then 

since AN' = AT and NN^ NO', ■ 

.-. AN^IT'G'. 

l!iowPN''=2A8.2AN=N'G' . TQ' = P'G'\ 

.-. PN=FQ'. 

11. From any point B on the tangent at P draw the 
tangent R Q ; then the triangles 8 QR, 8PR are similar, 

. •. the angle 8RQ = the angle 8 PR, 

.•. the L 8R Q is independent of the point R. 

12. Draw NQ a tangent to the circle. 

Now RN* : A'B* :: AN* : A A", 
and PIT : ^'.B* :: AN : A A', 

:: AN. A A' : AA'\ 
... J?J7» _ p^ :• A'B* :: ^i\/^. ^'^- : AA'*, 

01 RP. RP : N(f :: A'ff : AA'\ 
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13. Let B be the point where the axis of the parabola is 
to touch the circle, and C the other given point. 

Draw the tangents TC, TBG intersecting in T; also draw 
OjST perpendicular to TOy and GO passing through the centre 
of the circle ; then 

iVTand NO will be respectively the subtangent and sub- 
normal of the parabola required. 

Bisect NT in A, and TO in 8; then A and S will be 
respectively the vertex and focus of the parabola. 

14. Let QThQ the tangent at the point Q, 

Through Q draw the chord QOQ^; and let WB be 
drawn parallel to the axis meeting QT in Wy the parabola in 
B, and the chord QQf in 0. 

Bisect QQ in V, and draw the diameter TPF parallel to 
the axis, and join 8P. 

Now from similar triangles 

QO : OW:: QV : FT, 

:: QV^ : QV . VT, 
:: 4:8P.FV : iQV.PV, 
since QV* = 4i8P. PV {Prop. XV.) 
8iniVT=2PV {Prop. XIV.) 
.-. QO : OW:: 4:8P: 2 QV, 

:: 4^8P : QQf, 
.-. qO. QQ = 4.8P. OW. 
BxitQO. 0Q = 4:8P.B0 {Prop. XVIL), 
.-. Qg : OQf :: OW : BO, 
.\ QO : OQ :: WB : BO. 

15. Join 8P\ then 

PV^8T^8P^P0. 
b2 
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16. Draw FJf at right angles to the axis ; then 

since VM : MS :: PN : NT, 
.'. MS^NT. 
B\itF2r = 2A8.NT, 
.-. V]iP = 2A8.JSM, 

.-. the locus of F is a parabola, whose vertex is 8, and 
latus rectum half that of the given parabola. 

17. Produce QF, UR to meet the tangent at P in W and 
X; then as in Brop. XIX. it can be proved that IFF and 
XUbxq each equal to 4 8Py 

. •. TF F and X U are equal and parallel, 

.'. [7F is parallel to the tangent at P. 

18. By similar triangles 

OR : GA :: AN : PN, 

.-. PN. CR=AC.AN, 

oiPN^ = AG.AN, 

.*. the locus of Pis a parabola whose axis is AB, and latus 
rectum equal to the given distance A C. 

19. Let CP and AR intersect in F; and draw VN JI 
to A (7, and VM JI to the tangent at A ; then 

VN : AN :: OR : CA, 

OR : CP, 

VN: CV, 

.-. CV=AN^ VM, 

.*. the locus of F is a parabola whose focus is (7, and 
directrix AM, 

20. Let OQ, OQ^ he two equal tangents drawn from the 
point in the axis ; and let them be cut by the tangent 
RPR! in R and R. 
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Join 8P; 8Q, SQ; SB, SBf; then 

the I 80R ^ the I SOQ^ the I 8Q0; 
and the L 8E ^ the supplement of SR Q, 

= , . 8PE {Prop, XII.) 

= the angle 8 PR, 
= the angle 8R Q {Prop. XII.) 
/. in the triangles 80Ry 8QRy 
the angles 8 OR, 8R 0= 8QR,8RQ each to each, 

SiTii 80 = 8Q, 
.-. RQ=^ OR, 
and OQ^ OQ, 
.-. OR = Rg. 

21. Join QE, qE\ then 

thez QEq^2L Qoq. 

Again, let Q and Q meet the axis A8x \vl T and 
7'; then 

LQ8x=:SQT+8TQ, 

= 2l8TQ = 2l QOV; 

so the Z Qr8x = 2l8rq = 2l Q OV, 

/. theZ Q8Q =^2L QOQ, 

.\ the I Q8Q = the L QEQ^, 

.". the circle described about the triangle QEQf will pass 
through 8. 

li QQ pass on the left of 8, a similar proof will hold 
good. 

It must then be shown that the angles Q8Q, QEQf are 
together equal to two right angles. 

22. Draw the ordinates PN, pn ; then 

8N : 8n :: 8P : 8p, 
:: XN : Xn, 
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.-. 8N : XN :: 8n : Xn, 
.-. XN+ 8N : XN- 8N :: Xn+ 8n : Xn - /S'n, 
.-. 2 AN: 2A8 :: 2^i8 : 2 An, 
or -4jy : A8 :: A8 : An, 
.\'4:A8.AN : 4:A8' :: 4^fi' : iA8.An; 
or FN* : 4^/g* :: 4:A8* : pn\ 
.'. PN : 2A8 :: 2A8 : pn, 
or FN : A AS :: ^iS^ : pn. 
Again, 

iSf(2 : J5:: FN : AN, 

:: 4:A8.FN : 4:A8. AN, 
:: 4:A8.FN : FN\ 
:: 4^5: PiV; 
:: ^n : A 8, 
.-. 8Q=pn, 
so fi^y = PiVT. 

23. Join CS' and produce it to j ; then 
8B bisects the angle FSq,'^ 

mdSr pSqJ^^'P-^'^-^ 

.•. the angle B8r is half of the two PSq a,nAp8q, 

.'. the angle JS^S^r is a right angle, 

.-. DR.Dr=8iy = 4:AS'. 

24v Join P Q, and draw V parallel to the axis ; then 
since OQ' : OQ :: PV : QV. 
.: ^P is parallel to OV, 
,-. theZ. 0(7P= the Z. QOV, 

= the Z. ^ T8, if Q meet the axis in T, 
= t\iel8Q0, 
and the /.OPQ' = the I OP 8, 

= the I 8 Q {Prop. XII.) 



PSOBLEHa 



Qiy-. QT 



.•. the triangle PO Q is similar to 08Q, 

.: PQT : OP:: OQ : 08, 

.: 08.PQ: = OQ. OP. 

25. Draw ^F" parallel to the tangent at P; and draw 8Y 
perpendicular to the tangent, and join A Y; then 

QD : QV:: 8Y : ST, 

8Y: 8P, 
-gy : 8P', 
8P.8A : 8P', 
8 A : SP, 
4A8 : 4:SP, 
4A8.PV: 48P.PV, 
.: QIJf = 4:A8.PV. 

26. Draw the tangent P!r at the point P meeting the axis 
in T; then by Prop. 14 

TA : AO :: PO : OQ. 
But AT=^AM, 
.: AM: AO :: PO 
So AN : AO :: OQ 
.: AM: AO :: AO 



OQ; 
OP, 

AN, 



.-. AM.AN=AO'. 

27. By similar triangles 

AM : PM :: QN : AN, 
.-. AM' : PM* :: QlfT : AN, 
or AM* : 4iA8.AM :: 4 AS. AN : AN, 
or AM : iAS :: AAS : AN, 
.-. AM. AN ={4 AS)'. 

28. Let Q be the centre of the circle inscribed in the 
sector OAP. 
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Draw OQB, meeting the dicles at their point of con- 
tact^. 

Complete the qnadrant A OB, and draw BN parallel 
to OA ,' and through Q draw MQN, meeting OA and BN 
at right angles in ibTand N', then 

QR = QM, 

and OB = MN, 

.-. OQ" QN, 

.'. the locos of Q is a parabola, whose focns is 0, and 
directrix BN. 

29. (1.) AN : AM :: PJV : QM*, 

:: AN*: 8M*; 
or AN* : AN. AM :: AN* : 8M*, 
.: 8M* = AN . AM. 

(2.) Bisect QQ 'xa V, and draw VB parallel to the axis 
bisecting ^ Pin jR; then 

AS + AM^SQ 

A8 + AM = 8Qf, 

.: MM = 8Q-8q[, 

= 2 8V=2AB, 

= AP. 

30. BV : QfV :: FV: FV, 

:: QV*: QV*, 
BY . QV'. QV'*:: QV* : QV'*, 
.-. BV. QV'= QV*', 
So RV. QV== QV*, 
.: BV : RV':: QV: QV*. 

31. In the fig. of Prop. XYIL let Qq' be the diameter of the 
drde, and Qq the chord joining the two other points of 
intersection of the circle and parabola. 



FKOBLEMS. 9 

Join VV^ meeting the axis in -B; FF' is at right angles 
to ^j. 

Now since the rectangle QP . Oq=^ Q . 0(j[y 
.*. PF and P' V are equally distant from the axis, 

.-. VJE= F'JE 

Let Qq^ Qc[ meet the axis in F and F \ and draw VM^ 
VM! at right angles to the axis ; then 

FF' = MM « 2EM = 2 subnormal of P= 4^/81 

32. Draw OPV parallel to the axis bisecting QQ in F; 
then since the tangent at P is parallel to Q Qy it will be at 
right angles to OQy and will therefore meet 0$ on the 
directrix. Let this point be Z\ then 

OZ : ZQ :: OP : PV, 

.-. OZ=^ZQ. 

33. The parabolas will intersect at the extremities B, G, of 
the latus rectum. Draw the normal B O ; then the angle at 
which the parabolas intersect is twice the angle 8BG, which 
is a right angle, since 8Q =^2A8— 8B. 

34. Let B8B be the chord of the circle of curvature at B 
through the focus. Bisect BB' in C, and draw (7 at right 
angles to BB, meeting the diameter of curvature in ; then 
since (70 is parallel to the axis, 

BO : BG :: BG : B8, 

andP(7=255, r.B0 = 2Ba. 

35. Draw PTF parallel to the axis; then 

the angle 8PF=: WPH= 8HJr, 
and the angle ai 8ia common to the triangles 8PF, 8B4P; 

.-. these triangles are similar, 
.\ 8F: 8P:: 8P : 8H, 
.-. 8F.8H^8P'^8a\ 
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36. Let QPQ he the inscribed triangle. 

Draw the tangents QO, Q 0, meeting in ; and the 
tangent tPt' meeting OQy 0^ in't and t'. 

Produce QP, QP to meet OQ, OQfinq and q. 

Join q'q; then what we have to prove is that qq\ and the 
tangent at P will meet Q Q produced in the same point. 

Draw V, PM, am, dttiy in, in\ parallel to the axis of the 
parabola, meeting Q Q m V, if, m, m\ n, n'. Produce MP to 
meet OQin R, and let qm, qm! meet tPi in r and /. 

The problem will clearly be solved if we can show that 



Now 



qr 

qm 

Qm 

.'. Qm 

but^JIf 

.*. Qm 



Again, 



qm w qr i qm, 
Qm :: RM : QM, 
qm :: QM : PM, 
Qm :: RM. QM : QM.PM; 
PM :: QQ : QM{Pr6b.U) 
Qm :: QQ .QM: QM. QM, 
:: QQ : QM, 
Qm : QQ :: QM : QQ+ QM. 
qr : PR :: rt : Pt, 

:: 2mn : 2Mn, 
::2Qm''2Qn : 2Mn, 
2 Qm — QM : QM (since tn bisects QM) ; 



but 2Qm : QM 

2 Qm - QM : QM 

.-. qr : PR 

and PR : PM 

.'. qr : PM 

.'. qr : Qm 



2QQ : QQ+QM, 
QQ -QM: QQ+QM, 
QQ-^QM: QQ+QM, 
QM : QM, 
QM: QQ+QM, 
Qm : QQ, 
PM : QQ. 



In the same manner it can be shown that 

j'/ : Qm':: PM : QQ, 
.'. qr : (/r :: Qm : Qm\ 



But 
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Qm : 


qm : 


: QV: 


or. 






: Q'm' : 


q'm'. 


. Qm : 


Q^m': 


: qm : 


qm, 


.'. qr : 


q^r^ : 


: qm : 


gfm'. 


or qr : 


qm : 


: q'r' : 


q'm'. 
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37. Let the tangent BBf meet the curve in P; and draw 
JBw, PM, Km' parallel to the axis meeting QQ' in »?, 
M and m'. 

Now 



Similarly 



OB : BQ : 


: Vm : (/«», 




: 2 F«» : 2 ^wt, 




: 2QV-2Qm : 2Qm, 




: QQ-QM: QM, 




: QM: QM. 


OB : i?(2' : 


: QM : <2'J!f, 


OB : BQ : 


: ir <2' : OR. 



38. Let j1 Q and AQf h^ the chords, and R the further 
angle of the rectangle. 

Join QQf and draw AR bisecting it in F. Also draw 
VP parallel to the axis, and at P draw the tangent PT 
parallel to Q Q. 

Draw PN, VM, RL at right angles to the axis. 

Make Aa = 2AO=^%A8{PToh8,2Qand27)\ 

Then iii = 2 VM = 2PN, 

and (yL = AL^Aa^2AM'-'2AO, 

==20M=:2TN = 4:AK 

But PN'^^AS.AN, 

.-. 4:PN^ = 4:A8.4AK 

or RU^^AS. O'L, 

.'. the locus of jS is a parabola equal to the original one 
with its vertex at (7. 
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39. Draw AH at right angles to the tangent at P; then if 
PK be the chord of ctuTatnre through A, 

PK s PV :: AH : AP (See fig. iV^y. XTX,) 
.•• PK.AP^PU.AK 

Again, PJT : 4/SfP :: SP : /SF (iVop. XIX.) 

:: TF : AY, 
.'.PU: PF ::4>SfP: ^r (since Pr= TF). 

Also, AH : PY :: AY : SP, 

.'. PU.AH: PY' :: 4/8^P.^F: /SP.^F, 

.-. PCr.^5'=4PFl 

.-. PJr.^P=4PF«. 

40. Let QQ' be a chord. Bisect it in V, and draw QMy 
VK, Q M* at right angles to the directrix; then 

2 7Jr= QM-\- QM 
But flf g + 5(7 > QQ, unless Q Q pass through 5, 

.-. vk:> QV. 

Ilcnce the circle described upon QQ^ as diameter will only 
reach the directrix when the chord Q Q passes through the 
ibcu9« in whicli case it will touch the directrix, since the angle 
VKM is a right angle. 

41. Let A and A* be the Tertioes of the parabolas. 
Produce tlie axes to meet in T^ and draw the common 

nuvgtMit rp 

Join i?^\ cutting PTat right angles in F. 
J<Hn A F> and draw S^Xpeipendicular to ST. 
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Now since AYw perpendicular to 8X, 

.'. SY: 8'Y:: 8 A : AX. 
But 87=^8'T, 

.: 8 A = AX, 
.*. 8' is on the directrix. 

■ , . 

42. In the fig. of Prop, XIX. let Qf be the other point 
where the circle meets the parabola, and draw Q'JT'-B' parallel 
to the axis, meeting the circle in X' and the tangent at P in 
B'; then 

XX' is parallel to RPE {Prob. 17.) 

and when the circle becomes the circle of curvature, 

WT is parallel to RPIH, 

/. WX' is at right angles to P J7. 

Now if the points Q' and ?7 coincide, 

X' UmiPW will be equal, 

and WX will bisect P U, 

and PWTJX will be a square, 

/. the/. GPS ^ the I aPW, 

= the I OPN, 
.'. Pis at the extremity of the latus rectum. 
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1. Draw the diameter CD parallel to the tangent at P, 
meeting S' P in E. Also draw the normal P(? J?' perpen- 
dicular to CDy and meeting it in F. 

Then the angle SPS^ = 2 the angle 8'PG. 

Now since PE is always equal to A G, it is evident that the 
angle S'PG will be greatest when PFis least. 

BntPF. CD ^ AC . BC {Prop. XXII. Cor.) 

.*. PF is least when CD is greatest, that is, when CD ^ AC 
and P is at the extremity B of the minor axis. 

2. Draw the latus rectum L8U ; then 

AC^ : BC^ :: AS, A' 8 : 8U {Prop. XIIL) 

: AC^CS" : 8 U {Prop. IN.) 
: BC^ : iSfi», 
: P(7 : 8L, 
.\ A A' : BB' :: BF : LL\ 
/. XX' is a 3d proportional to A A and BB\ 

3. Draw £5" parallel to L8, meeting the major axis in H; 
then 

ABCH: AL88' :: BC : iSX* 

:: AC^ : PO*, (iVo6. 2.; 

Take CK=i CH; then 

rectangle BR . CJT = A PCS', 
/. PP' . CK : A L88' :: ^^'» : BB'\ 

4. Let the tangent at L to one of the ellipses meet the 
minor axis produced in t ; then 



or AG' 


: J? (7* 


or AG' 


: BG* 


or AG 


: 5C 
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Ct.8L = BC {Prop. XI7.) 
/. Ct : BG :: BG : 8L 

:: AG : BG {Prob. 2.) 
.'. Gt = AG. 

Hence Gt is constant, and the tangents will all pass 
through t 

5* In this problem the ellipses are to have their major axes 
equal as well as a common focus. 

Let /She the given focus, and YPY' the given fixed line 
(see fig. Prop. XV.) ; then since /Sand YPY' are both given 
in position, the point Y of the perpendicular 8 Y will be a 
fixed point 

Now YG=-AG [Prop. XV.) 

Hence the locus of (7 is a circle whose centre is Y and 
radius AG, 

6. Draw ySF, 8' Y' perpendicular to the given line (see fig. 
Prop, XV.), and take BG s» mean proportional between 8Y 
and/S'F"; then 

£C is the semi-minor axis. {Prop. XV.) 

Also, since AG* = BC + CS*, 

ACu also known ; and since 
CX: CA ;: CA : C8 (Prop. II) 

the position of the directrix is known, and the ellipse may be 
described. 

7. See fig. IVop. IX. 

TQ : PN -.'. AT : AN. 
TQ' : PN ::A'T: A'N, 

Again, CT . CN = GA\ 

.: CT : CA :: CA : CN, 
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.-. CT+ CA : CT- CA :: GA + CN : CA - GN, 

or A'T : AT:: A'N : AN, 
.'. A'T: A'N :: AT: AN, 

Hence TQ : FN :: TQf : PN, 

.'. TQ= TQ. 

8. See fig. F^. IV. 

If SB 8' be a right angle, 8G and GB are eqnal, 
.-. AG* = SB'' = 8G* + BG* = 2BG\ 

9. Draw the ordinates QM, PN; then 



QW : A W :: PN* : 


GN*, 




.'. AM . A'M : AM* :: AG* - 


- CN* 


: GN*, 


or A'M: AM :: AG* - 


GN* : 


GN*, 


.: 2AC : AM :: AG* : 


GN*, 




.: 2A0 : AQ :: AO* : 


GP*, 




or 2A0* : AO . AQ :: AG* : 


CP*, 





.-. AO . AQ = 2GJP. 

10. If -4jB and OD are equally inclined to the axis, the 
diameters parallel to them will also be so, and will be there- 
fore equal. Hence \i AB and CD or these lines produced 
meet in 0, 

OA . 0B= OG . OB, 

Hence a circle may be described about A, B, C, D; and if 
^(7 and BD or these lines produced intersect in &j 

OA . (7(7= OB . aD, 
.*. AG and BD are equally inclined to the axis. 
So with regard to AD and BG, 

11. Draw BM^ pm at right angles to the directrix. 
Produce MP, Q8to meet in Q, and mp, q8 to meet in j' ; 
then 
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qP-.PMv. SA'.AX, 

.-. QP = BP, 

.: 8Q! bisects the angle P8A' ; 

So 8^ p8A', 

.: Q8q' is a right angle. 

.•. also QSq is a right angle. 

12. Draw the diameter 8K cutting the tangent at B at 
right angles in ; then 

8K.80 = 8B\ 

or 8K. BO = AC*. 

13. Through Q draw RQR' touching the inner circle in Q, 
and cutting the outer in R and R; then 

PQ.P'Q= QB^. 

= GB^ - CCt, 

= AC* -Betas'. 

14. Draw the ordinate PN, and the semi latus rectum 8L'; 
then hj similar triangles 



Also 



But 



8L: 8N 

8P.XN 

.: PL : 8X 
8L' : 8X 



8G : 8P, 
8A :AX; 
8A : AX, 
8A:AX; 
8A : AX, 



.-. PL = SL'. 



15. Draw the normals PG, JDG'; then 

P(? : CF' :: BC* : AC* (Prop. XXIV.) 
and DG'*:CP' ::BC*:AC*, 

.: PG^ + J)G'* •.GP'^CJf :: BC* : AQ\ 
But CP* + CJy = AC* + BC. 

.-. P(?" + BG'* : ^(7* + JBCf* : : J5C« : AC*, 
.-. PG^ + iXy" is constant 

c 
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16. Prodnce PG to meet CD in F, and join GP; then 
C(^=CP' + PQ'- 2PF. PQ {Eudid, IL 13) 

= CF* + Clf- 2PF. CD, 
= AC'+BC*-2AG. BC {Props. XX XXII.) 
.-. CQ = AO-BG. 

17. Let the tangents at P and P' intersect at right angles 
in 0. Draw GK, GK' at right angles respectively to OP 
and OP; then 

G(y=GK*+ GK\ 

Again, from 8 draw 8Y &r\di S Y' perpendicular respectively 
to OP and OF; and join C¥, GY'. Also let SY' and GK 
intersect in H; tlien 

GK' + SW = GY' = AG', 

and CiiC"' + GE' = OF* = ^ C, 

.-. GK' + GK'* + GS* = 2AG', 

.: GK" + GK" = AG" + BG*, 

.-. GO' = AG* + BG*. 

18. Draw the ordinate QM; then 



NR-.AN 

and N8 : ^'iV 

.-. NR.NS-.AN.A'N 

But PiV* : ^J^ . A'N 

.: PN* = NB.N8 



: QMiAM, 
: gjf : A'M, 
: QM' : AM. A'M. 
: QM':AM.A'M. 



19. By similar triangles 

GL : PN :: 8G : 8P, 

::G8:GA {Prop. XI.) 

20. Since the tangent at L meets the directrix in X, 

QN-.XN :: 8L : 8X, 

Also 8P.XN.: SA: AX, 

.'. QN = /SfP. 
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21. See fig. Prop. VII. 

PZ bisects the L SP W, 
.-. the I SPZia > the I MPZ. 

22. See fig. Prop. XXIV. 

Let S'P meet CD in E. Produce PF to meet the axis 
minor in K, and join EK; then 

PK.PG:: NO : NG, 

: : AC^:BG* {Prop. XII.) 
.-. PK.PF: PF. PG :: AG* : ^C™, 
.: PK.PF = AG' {Prop. XXIV.) 

= P.^ (Prop. XV. Got.) 
.*. the /. PEK is a right angle. 

So also if PS produced meet Giy in E', and E'K be joined, 
the angle PE'K may be proved to be a right angle. 

.•. the perpendiculars EK and E'K meet the minor axis in 
the same point. 

23. NG : NG :: BG* : AG* {Prop. XII.) 
.-. GT. NG : GT. GN :: BG* : AG*, 

..GT.NG = BG* {Prop. IX.) 
.-. GT.BG :: BG : NG. 

24. A circle may be described about PY8N; 

.-. Z. Pi^TF = I PSY, 
So IPNT = IPS'Y', 

and IP8Y= IPS'T, 
.-. L PNY = Z. PiVTV 
.•! Pr:Pr' :: NY: NY'. 

25. See fig. Prop. XV. 

Draw (7Z at right angles to the tangent meeting ffP in 
K; then by similar triangles 

C 2 
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KE : GE :: SPiPY. 
But GE == FY, 

.-. KE=^ 8R 

26. Let B be the point where the circle described about 
QPQ meets the ellipse; join PR meeting QQ in 0, and 
draw the diameter GF parallel to PjB, and GD parallel to 
QQ\ then from the ellipse 

QO . OQ : PO . Oii :: GIf : CP* (Prop; XXIX.) 
and from the circle 

QO.OQ' = PO. OR, 
r.GP'^GD, 

.*., GP' being fixed in position, PR, which is drawn parallel 
to GP", meets the ellipse in a fixed point. 

27. Produce QF, QF to meet the tangent at P in 5 and 
P'. Draw the diameter GB parallel to the tangent at P; 
also draw the diameters GE^ GE' parallel respectively to 
QP and QP \ then it is evident from Prop. XXIX that 

RP .RQ'.RP :: GE" : GB", 

and RP . RfQ' : R'P :: GE'' : G^ 

But (7^ = CJ?'^ 

Since P Q and P' Q are equally inclined to the axis, 

.-. RP' .RQ : R'P . EQ :: PP* : P'Pl 

But PP : EP :: PP : PP, 

Qince PP bisects the L QPR, 

.-. RP .RQ: EP . P'(2' :: PP» : EP'\ 

.-. RQ:EQ :: RP : EP', 

.'. GO' is parallel to PP'. 

28. See fig. Prop. XXIL 

Let a parallelogram L PIL'V be formed by drawing tan- 
gents ^t the extremities of a pair of conjugate diameters 
PGP, and DGU, 
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On the portion of the ellipse DPUy take any point Q, and 
at the extremities of the diameter QGQ draw the tangents 
RQr, R Qr meeting the tangents at D and U in R, R' and 
r, r respectively. Also let Rr intersect iZ in 0, 

Now, since XZ is bisected in P, it is evident, that on which- 
ever side of P the point is taken, the parallelogram Rr' is 
greater than the parallelogram LL\ and that the excess is 
twice the difference of the unequal triangles ROl^ rOL, 

Hence the parallelogram formed by drawing tangents at 
the extremities of conjugate diameters (which is, of constant 
area) is the least which can be described about an ellipse. 

29. {GP+GDy=Gr+CD' + 2CP.GD, 

= AG' + BG' + 2GP. GD {Prop. XX.) 

Hence ((7P+ GBf is least when (7P. GD is least 

Now GP . (72> is > PP . GD, unless PF = OP, 

and PF.GD^ AG . BG {Prop, XXII. Gor,) 

Hence GP, GD is> AG. BG, unless PF = GP; 

and when PP= (7P, 

GP,GD = AG.BG; 

.-. GP . GD is least, when PF and GP are equal, or when 
GP and (7Z> coincide with the axes of the ellipse. 

30. Let 8 be the given focus, and P the given point. Join 
8Py and on SP produced msike 8W equal to the major 
axis AA\ 

With centre P and radius PW, describe a circle WU» The 
other focus of the ellipse must be on this circle. 

Now, since in an ellipse 

G8' = AG'^ BG' {Prop, IV.) 
.-. 88"^AA''^BB\ 

Hence we have the following construction for finding 8' the 
other focus and centre. 

On 8W 2A diameter describe a semicircle^ and in it place 
IFfi' equal to the minor axis BB\ 
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With centre 8 and radius 8S describe a circle catting the 
circle WU ia 8'. 

Then 88^ = 8H* = SW - WE* 

= AA'*-BB'\ 
.•. 8' ia the other focus. 
Bisect 88' in C; then C is the centre. 

31. Let Q be any point on the ellipse, and let QF produced 
meet CD in M, and let Q P' meet CD in N. Also draw Q V 
parallel to CD, and QR parallel to CP. 

Then CM : CP :: QV : PV, 

CN:CP' :: QV-.FV, 
.-. CM.CN.CF' :: QT: PV . P'V, 

:: CD': CP' {Prop. XXI.) 
.-. CM.CN=GIf. 

32. Let CP and CD be conjugate diameters. 

Then 8P.XN :: 8A:AX (See fig. Prop. IX.) 



C^ : CX {Prop. IL) 
XJV : CX, 
CN : CX, 
AC: ex. 



.-. 8P:AC 

or^£7-;8P: (7JV 
So also if DN' be the ordinate of D, 
AC- 8D:CN' :: AC: CX, 
.: (AC- spy + {AC- SDy : CN' + CN" 



CA* 
C8' 



CX*, 

CA*; 



But CN' + CN" = CA' {Prop. XX.) 

.-. {AC- Spy +{AC- 8Dy = CS'. 



33. Draw the ordinates PN, DB, and produce them to 
meet the auxiliary circle in P', D') also let CB produced 
meet the ciicle inff.. 
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Join iyD\ BF ; A'P\ AU, and let A'P\ AD' intersect 
inO^ 

Now, since P'ZX is a c[uadrant of a circle, 

the arc ^ F = the arc B'ly, 

.-. B*P is parallel to AD) 
So also B'U is parallel to A'P\ 

,-. 5'0'isaparallelogi-am. 

And since BP and B'P produced meet the axis in the 
same point, and B'P is parallel to AU, 

andjBC: BG :: DRiD'R, 

/. BP is parallel to AD \ 

So also BD iQ parallel to -4'P, 

/. 0J5 is a parallelogram. 

Again, join PDy P D\ These lines will, when produced, 
meet the axis in the same point. Now if any straight line be 
drawn at right angles to AA, meeting P/>, F U ^ it is easily 
seen that the portions of this line intercepted by the triangles 
PBD^ FB D' respectively are in the proportion of BG 
to AG. 

Hence the trianeles PBD, FB'D' are also in this pro- 
portion. ^ 

.-. ODBP : O'D'B'P :: BC : AC. 

Now since PD' is a quadrant, the triangle PB'D' will 
have its greatest value when B' is half way between P and D', 
for the perpendicular froni B' on PD' will then be greatest 

Hence ODBP is greatest when CPand GD are equal. 



34 P8.8p.A8.A'8 
.-, P8. Sp.CQ. Cq 



CQ'-.AC* (/Vop. XXIX) 
A8.A'8:A(P, 
CA*-C8':A0', 
BQ*\AO\ 



35. See fig. Prop. XIX 
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ATiAC 



: PN: CN, 

: CBiDR (Prop, XIX. Cor,) 
: AG: At, 
.-. AT. At =A(P. 

36. Draw the diameter (7p, Cq, Cr parallel to the tangents ; 
then 

riP : P'Q" :: Cr': Cq' {Prop, XXIX.) 

or PR :FQ :: Cr : Cq. 

So Q'P:Q'R ::Cp: Cr, 

and R'Q: R'P :: Cq: Cp, 

,', FR . Q'P, R'Q = P'Q . Q'R . R'P 

37. See fig. Prop. IX. 

Let the tangent at P meet the tangent at ^ in Q ; then 
QP and QA subtend equal angles at 8 {Prop, XVII.) 

.-. ^iS bisects the /_ TSP, 

and PT bisects the /. 8PW, 

,'. Q 13 the centre of the circle 8T, 8P and 8'P produced, 

.". the locus required is the tangent at the vertex A. 

38. It is easily seen that this question is only the converse 
of Prob. 33. 

39. Let AC A', aCa be the major axes of the ellipses, 
inclined to one another at any angle. 

Let P be the point where the ellipses intersect within the 
angle ACa, and Q the point within tne angle A'Ca\ then 

since CP is a common semi-diameter of both ellipses, 

.*. CP makes equal angles with CA and (7a, 

.'. CP bisects the angle ACa, 

So CQ bisects the angle A'Ca, 

.'. the Z. PCQ is half of ACa and A'Ca, 

.'. P(7Q is a right angle. 
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40. Draw the ordinates PM, QN; then 

. J^M : QN:: SP : 8Q, 

:: XM: XN, 
.-. PM : XM:: QN : XN, 
. •. the Z. PXM = the Z. QXN. 

41. Draw the ordinates PM, QN; and let Cp, Cq be the 
diameters parallel to the tangents at P and Q respectively ; 
then 

BP. BP: RQ.EQ :: XM . X'M: XN. X'N. 

Now XM : 8P :: GA : G8 :: XN : 8Q, 

and X'M : 8'P :: GA : 

.-. XM.X'M: 8P. 8'P 

.-. RP.B'P: RQ.RQ 



G8 :: X'N: S'Q, 
XN.X'N : 8Q. 8'Q, 
8P. 8'P: 8Q.8'Q, 
Gp": G^ (Prop. XXIV.) 
OP': OQ' {Prop. XXIX.) 



42. See fig. Prop. XIV. 

Let the normal to the ellipse at Pmeet CQ produced in 
S; then 

the triangles R'PR and TPQ are similar. 

.-. R!R : TQ :: PR : QP, 

:: GQ : TQ, 

.-. R'B= GQ = AG, 

.: CR' = GR + AG, 

= B G + A G (Prop. XIY.) 

.'. the locns of J2' is a circle, whose centre is C and radios 
AG + BC. 

43. See fig. Prop. XV. 

Let CD meet /SP produced in E, and i8"Pin E'; then 
8'E' = 8'P - PE' = 8'P-A G, 
fOiiSi 8E = PE - 8P = AG - 8P. 
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But S'P+ SP^2AG, 

.\ S'P-AC^AC-SP, 

Again, if I) and D' be the diameters of the circles described 
about SCE emi S' GE\ since the perpendiculars from ^S^and 
8' upon CD are equal, 

.-. D : D' :: G8.8E : 08' . 8'E' (EudidYL C.) 

.-. 1)=^D\ 

44. Let P8P' be any focal chord, and its middle point. 
Join G and produce it to meet the ellipse in Q, Also draw 
the tangent Q T, and the ordinate QN, 

Since is the middle point of PP'» 

.-. Q r is parallel to PP; 

.-. OMi MG :: QN : NG, 

and OM : M8 :: QN : NT, 

.-. CM': MG.M8 :: QN" : NG . NT, 

:: BG": A G' (Prop. Xlll) 

.'. the locus of is an ellipse, similar to the given ellipse, 
described upon G8 as major axis. 

45. Let the circle cut the minor axis in K; then since the 
angle B8Kia a right angle, 

.-, BK,BG=8B', 

^-AG". 

But if JS CT be the chord of the circle of curvature at B 
through 0, and therefore in this case the diameter, 

BU. BG=2AG^ {Prop. XXVI.) 

.-. 2BK=BU, 

.-. BK=BOy 

.". -K" coincides with the centre of the circle of curvature. 

46. See fig. Prep. XI. 
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Draw 80 bisecting the angle PS 8', and meeting PG' in 
0; then is the centre of the circle. 

Draw the ordinate OM at right angles to AO. 
Now MG'.Na-.-.OG-.PG, 

::8G:8G+8P, 
:: C8:C8+AC (Prop. XI.) 
Also NG ; NO :: CA' - CS' : AC (Prop. XII.) 

.-. MG:NC:: (GA - C8) C8 : A 0\ 

:: CA. C8--CS'':AG*, 
and CqiNC:: CS':AC, 
.: MC:NC:: CA-G8:AC, 

::G8:AG, 
.: MG: G8 :: NG : AG, 
.: S : G8::AN:AG, 
and 8'M: GSr.A'N-.AG, 
.-. 8M-8'M: GS'r.AN-A'N'.AC*, 

:: PIP: BG' (Prop. XUL) 
.: 8M. 8'N: PN^ :: G8^ : CA* - C8*. 
Also P2P : OM' :: (GA + GS)' : 08", 

.-. 8M. 8'M: OM* :: (GA + 08)' : (CA - 08)', 

::A'8':AS'. 
Hence the locos of is an ellipse, whose major is 88'. 
Also if Cb be the semi-minor axis, 

Gb:G8::A8:A'8. 

47. Let P, P", Q, ^ he the four points of intersection. 

Join PQ, P'Q', and let these lines or these produced 
intersect in 0. 

D^aw the semi-diameters Gp, Gy' parallel respectively to 
PQksAPQ. 

Then PO , OQxFO . OQ v. Of : Co (Prop. XXIX.) 



i^8 
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But PO . OQ = FO. Of horn the circle, 

.-. Cp= Cp'. 

48. Let OP, OP' be the two lines at right angles to each 
other, and C the centre of the ellipse in any position ; then, 

as in Prob. 1 7, 

00* = AC + BC, 

.'. the locus of C is the arc of a circle whose centre is 0. 

49. See fig. Pi-op: XXIV. 

Draw 8M at right angles to CD, and let MS and CP be 
produced to meet in Q. Also draw QHaX right angles to the 
axis. 

Now CH: CN:: CQ: CP, 

:: CM: CF, 

:: 08 : CG, 

.-. CH: C8:: ON: CG, 

:: OX: OS (iVop. XII.) 

.-. CH= OX, 

.•. the point Q is on the directrix. 

50. For radius read diameter. 

If be the centre of the circle of curvature at 2, 

PO.PF=Ciy {Prop. XXVII.) 

.-. PO: CD:: CD : PF, 

: CD" : PF. CD, 

-.01/ -.AC. BGiProp. XXII. Cor) 

Hence if CD' = AC.BG, 

.-. PO = CD, 

.-. tiao PC = AC . BG, 

.'. PO is a mean proportional between AC taii BC at the 
same time that CD is. 

Hence, if a circle be described with centre C and radius 
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* 

a mean proportional between A C and B C, intersecting the 
ellipse in D, and CP be drawn parallel to the tangent at D, 
P will be the point required. 

51. See Prop. XXVI. 
If OP = (7 A then 

PH, CP=2CP\ 

,\ pe:=2CP=pp\ 

. \, the circle of curvature meets the ellipse at the point P. 

52. Let the lines drawn at right angles to AP, A'P meet 
in Q, and draw QM dX right angles to AA \ then 

QM : AM :: AN : PN, 
and QM: A'M :: AN : PN, 
.-. QM"" : AM, AM :: AN. AN : PN\ 

:: AC" : B C (Prop, XUI, 

.', the locus of Q is an ellipse, similar to and concentric 
with the given ellipse, and having A A for its minor axis. 

53. Let C and c be the centres of the two ellipses, which 
intersect one another in the points P, Q, B, 8, Join PQ, 
B8; and let these lines, or these lines produced, intersect one 
another in the point 0. 

From C and c draw the semi-diameters CU^ GV parallel 
to PQ, and cu, cv parallel to R8\ then 

PO. OQ : RO. 08 :: CU' : (7P {Prop, XXIX.) 

and JB . OQ : RO . 08 :: cu"" : cv* (ditto.) 

.•. GU : GV :: cu : cv. 

Now if the ellipses have their major axes at right angles 
to one another, it is evident that since the angles UGV and 
ucv are equal, and CU, cu parallel, 

GU>^<CV, 

according as cv > = < cu, 

and . • . the only case in which the proportion 
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CU : CV :: cu : cv 
can liold good is when (7J7and (7 Fare equal. 

Again, if the major axes of the ellipses ^are parallel, the 
only cases in which the proportion can hold good is when the 
ellipses are similar, or as before when C£/'and CFare equal. 

But if the ellipses are similar, and their major axes parallel, 
they can only intersect in two points. 

Hence, whether the major axes are at right angles or 
parallel, we must have 

(7Z7= CV, 
.-. PO. OQ^RO. 08. 

And a circle may therefore be described through P, Q, JB, S. 

54. Let VCV be the fixed diameter of the circle, along 
which CN is measured ; and draw the diameter D Glf 
parallel \.o NQ\ then, since N Q makes a constant angle with 
JVP, the diameter D CD' is also fixed. 

Now PN'' = VN . V'N from the circle, 

or QN' : VN, VN :: CD^ : OF*. 

.". the locus of Q is an ellipse, of which CV and CD are 
the eq^aal conjugate semi-diameters. 

The position and length of the equal conjugate diameters 
being now known, the ellipse may be constructed as follows, 

Draw A CA' bisecting the acute angle formed by VCV'y 
DCiy, and BCB bisecting the supplementary angle formed 
by the same lines. 

Then A CA\ BCB represent the directions of the major 
and minor axes of the ellipse respectively. 

Draw VM at right angles to CA, and Cv bisecting the 
angle A CB, and let these lines meet in v ; then 

the point v is on the auxiliary circle. 



J 
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Take CA equal to Cv, and 

make BC : AC :: VM : vM; 
then A C and BG are the serai-major and minor axes. 

55. It is evident from the symmetry that the two ellipses 
will have a common centre, and that that centre must coincide 
with the point where the diameters of the parallelogram 
intersect. 

Also since the ellipses are supposed to have their major 
axes of the same length, their auxiliary circles will also 
coincide. 

Now since any side of the parallelogram is a common 
tangent to both ellipses, and hy Prop. XV. the feet of the 
perpendiculars from the foci upon the tangent lie on the cir- 
cumference of the auxiliary circle, it is evident that the per- 
pendiculars from the foci of one of the ellipses upon the sides 
of the parallelogram, will coincide with the perpendiculars 
from the foci of the other ellipse upon the same lines. 

Or, in other words, the lines joining the foci of the ellipses 
will be at right angles to the sides of the given parallelogram. 
These lines will therefore form a parallelogi'am equiangular to 
the given parallelogram. 

56. Let H be the common focus of the ellipses, and S, S' 
their other foci. 

Then, since the major axes of the ellipses are equal, any 
point where they intersect must be equidistant from 8 and S . 

Any point, therefore, where the ellipses intersect must lie 
upon the line bisecting 88^ at right angles, for this line 
contains all the points, whose distances from 8 and 8' are 
equal to each other. 

And since this line can only intersect either ellipse in two 
points, it is evident that the ellipses themselves can only in- 
tersect in two points. 

57. Since ^rc 8R = arc 8'B:, 

r, PR bisects- the angle 8P8\ 
and coincides with the^ normal PQ produced. 
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Hence the triangles SPS, QP8' are similar, 



.-. 8S : PR 



Bat 



PB : PQ 

.-. 8R : PQ 



S'Q : S'P, 

C8 : CA {Prop. XI.) 

C8 . CA : AC*; 

MG : NQ, 

A(P: BC* {Prop. Til.) 

G8.CA : BC\ 



58. Draw 80 bisecting the angle P88', and meeting the 
normal PQ in ; then is the centre of the inscribed circle. 
Draw OM perpendicular to the axis ; then 



OM: PN 



Also 



. OM : CS 
2R : S'P 



.: 2R.r : CS.8P 



OQ : PQ, 

8Q : 8Q + 8P, 

CS : C8+ CA, 

PM: C8+CA, 

SP : PN {Euclid VI. B.) 

8P : CS + CA, 



ox2B.r : SP. S'P :: CS : C8+CA. 

69. Join GK, GL and let KL meet PG in 0; then, since 
the angles at K and L are right angles, and the angle 8P8 
is bisected hj PG, 

.'. the triangles PGL, POK are equal in all respects. 

Again, since OP, PL are equal to OP, PK, 

and the /. OPL = the /. OPK, 

.-. OL = OK, 

and the IP0L = the /.POK, 

.*. PG ia at right angles to KL. 

60. See fig. Prop. XV. 

Draw 5'0 parallel to 8P meeting T8 produced in O ; 
then 

S'O: S'P :: S'W : WP, 

:: BP + 8P: 8P, 
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.-. 8'0=^8P-\- 8'P=2A0 

.-. the loctifl of is a circle, whose centre is S' and radius 
2 AG. 

61. Draw the conjugate diameter CD parallel to TPt. 
Also draw the ordinate DB; then 

TP: CD :: PN -. DB, 

CB : CN {Prop. XIX. Cor.) 

CD : Pt, 

.: TP. Pt = CD'. 

But CP . PL=TP. Pt, 

.: 2CP . PL = 2 CD\ 

^PE. CP (iVop. XXVI.) 

.-. 2PL = PH. 

Again, CP. CL^CP.PL+GF, 

= CD'+ CP', 
= AC + BC^ {Prep. XX.) 

62. Since CB' bisects PQ, the tangent at B' will be 
parallel to PQ (Prop. XVIII.) 

So the tangents at P" and Q' will be parallel respectively 
to QB and PB. 

.: the triangle rqp formed by the tangents at P", Q, E is 
similar to the triangle PQB. 

Now, since FQ is equal and parallel to PQ, 

.-. the triangle rFQ = the triangle PQB. 
So the triangle g-P'^ = the triangle P QB, 
and the triangle jj ^.B* = the triangle PQB. 
.: the triangle pqr = 4 . the triangle PQB. 

63. See fig. Prop. XV. 

Draw the ordinate PN; then PN is a common chord of 
both circles. 

D 
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Now L N8'J= L NTJ^ L Y'NP= L T8'F, 

9xA LA8I= LIYN= LYNP^ L T8P; 
But IY8P=IT8P. 

.\ LN8'J=LA8I, 
and C8' = C8', 

.*. 18 and J 8' will, when produced, meet GB' in the same 
point 

64. Draw the diameter R GR, and from any point Q on 
the ellipse draw QR and QR. 

Also draw the diameters PGPy DGU parallel respectively 
to QR and QE. 

Now since G is the middle point of RR^ 

.\ PGP bisects QR\ 
/• the tangent at P is parallel to QRf^ 
and therefore to DGD' \ 
/. GD is conjugate to GP. 

65. See fig. Prop. XVL 

If 8P and iSP' are in the same straight line, then the point 
is on the directrix {Prop. VIII.) 

and the /. 08P is a right angle (Prop. VI.) 

••. the Z. MP is a right angle {Prop. XVIL) 

so also the /. OM'F is a right angle, 

/. the angles MOM' and MS'M are equal to two right 
angles. 
But M0M^2P0F, 

/. 2 !r+ = 2 right angles. 

66. See fig. Prop. XV. 

A 8P8' = A TTfi'fi'' - W8P, 

^8Y. YT--8Y. YP. 
^SY.Pr. 
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Now PY' : S'Y' :: PY : 8Y, 

.'. 8Y.PY' : SY.S'Y' :: PY : 8Y, 

or A 8P8' : BC^ :: PY : 8Y. 

So also if 8Yi be perpendicular to the tangent at Q, 
A 8Q8' : BC :: QY^ : 5F,. 

But since the angles 8PYf 8Q F, are complementary, 
. .-. PY : 8Y :: 8Y^ : QY^; 
.-. A 8P8' : PC :: BC^ : A 8Q8\ 

The angles 5P/8', 5^5" are evidently supplementary. 

The least value of either of the angles is zero, and the 
greatest /. 8B8\ 

Hence the problem is evidently impossible, 

unless 2 8B8' is ^ 2 right angles, 
or 8B (7 is ]> ^ a right angle, 
in which case G8^ BG, 
or BC<: C8 

67. Let CP be the fixed diameter ; and CD the diameter 
which ia conjugate to it in any one of the ellipses. 

On CP produced take a Jixed point 0, and from it draw 
the tangent Q to the ellipse to wnich CD belongs. 

Draw QF parallel to CD, meeting CP in F, and produce 
PC to meet the ellipse in P. 

Now CV. CO^^CP" (Prop, XVIIL) 

.*. CVis constant, 
.'. PV and P" V are also constant. 

Again, QV : PV.P'V :: CD" : CP" (Prop. XXI.) 

But CD" = CP^, 

.-. QV'^PV.FV, 
.'. ^F is constant. 
D 2 
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And since the point V is also fixed, therefore the locas of 
Q is a circle whose centre is V, and radios a mean propor- 
tional between PF and JP'V. 

68. See fig. Prop. TV. 

Let AA' h& one of the longer sides of the rectangle, and 
S" the intersection of the diagonals. 

Prodace A ff, AB to meet the tangents to the ellipse, at 
A and AvciR and i2. 

Then B,B! will be the side of the rectangle opposite to AA. 

Take any point P on the upper portion of the ellipse, and 
join Pi2, PS meeting A A' in Jf and M'. 

Also prodace the ordinate NP to meet the anxiliarr circle 
in<2. 

By similar triangles 

MM' : BB' :: PM : PB, 

:: MN : AN, 

.-. MM : MN :: AA : AN. 

Also MN : AM :: PN : AB, 

:: PJVT : BB", 
.-. 3fJf' : AM :: P^ . ^^' : AN. BB', 

•.'.PN.ACxAN.bg. 
But PN : QN :: BC : AO{Prop.Xm.C!or.) 

.: PN.AC=QN.BC, 
.: MM' : AM :: QN. BG : ^Ti''. BG, 

:: QJV : .4J^. 
So also JfJlf' : wd'iT :: QN : AN, 

&ndi AN : QN :: QN i AN, 
.: AM : MM' :: MM' : A'M. 

69. See fig. Prop. XXIV. 

Draw /SJET perpendicular to PO' ; then 

PQ : PjP' :: SP : /Sfi 
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And if PM be the ordinate of P, 

PM : pa :: 8H : SG, 
.: PQ.PMi PF.PG :: 8P: 8G. 

:: CA:G8.(Prop.Xl) 
But PF.PG = BC' (Prop. XXIII.) 

.-. PQ.PM: BO* :: CA : 08, 
.', PQ varies inversely as Pif. 

70. See fig. Prop. XIX. 

Draw QJf at right angles to A A' ; then since the triangles 

QM8, GNP are similar, 

.-. QM'. 8M:: ON: NR 

So also QM: 8'M :: OB : i>5, 

.-. QM* : -Sfif . fi"if :: ON. OB : NP.BB. 

But ON : DB :: AO : BO (Prop.XIX (7or.) 

and OB : NP :: AO : BO, 

.: ON. OB: DB. NP :: AO* : BO*, 

.: QM* : 8M.8'M:: AO* : B(?. 

Hence the locus of Q is an ellipse, sitndar to and concentric 
with the given ellipse, and which has 88' for its minor axis. 
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PROBLEMS ON THE HYPERBOLA. 

1. Let 8 and S' be the centres of the given circles, and P 
the centre of a circle described touching them both. 

Join SP, 8'P^ and let these lines, or these lines produced, 
meet the circles of which 8 and 8' are the centres in the 
oints of contact Q and Qf ; then 

(1) If the given circles are touched both internally, or both 
externally, 

since FQ = FQ 

.'. 8P ^ 8'P==8Q ^8Qf, 

and the locus of P is one branch of an hyperbola, of which 
8 and 8' are the foci ; but 

(2) If , the given circles are touched, one externally, and 
the other internally, 

8P+ 8'P= 8Q + 8'g 
and the locus is an ellipse. 

2. See fig. Prop. VL 

Let the tangent at P meet the tangents at A and A\ in 
r/and V'\ join 8U, 8U'; then 

since UA and UP are tangents, 
.-. the Z. USA = the I U8P. {Prop. XIV.) 
S the 2!. U8A' = the supplement of U8P {Prop, XIV.) 

= theZ. U'8Q, 
.\ the I USA is half the I ASP, 
and the I USA is half the lASQ, 
.*. USU is a right angle. 

,\ 5 lies on the circle described upon UU as diameter. So 
for the point S\ 
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3. See fig. l?i'ap. XVH. 
Join 80, 8' 0; then 

since J5C™= C8*-CA*, 
.: A0' = A8.A8', 
. •. the /_ 8 08' IB a right angle, 
which proves the proposition. 

4 See fig. Prop. XVI. 
Let PII' meet the conjugate axis in K; then 

KF : CK* r. AC* : AO', 
otKP : P2P :: AC' : BG\ 
But CN*- A C* : FN* :: AC* i BC* (Frop. X.) 

.-. CN*-AC* = KP, 
or FK* - KF=A C\ 
But FK*- KP^FI. FT, 

.: FI.FF = AC*. 

5. See fig. Frop. VI. 

Let the tangent at A meet FT in Z7, and join U8; then 

Z7/& bisects the /. J iSP (iVqp. XIV.) 

and P r bisects the L 8F8' {Prop. VI) 

.'. 17 is the centre of the circle inscribed in the triangle 
8F8', which proves the proposition. ^ 

6. FN* : MN* :: QN* : CQ* 

:: AN. A'N: AC*. 
.: FN* : AN . A'N :: MN* : AC*. 
But FN* : ^iV . J^'JV :: BC* : A C* {Prop. X.) 

.-. MN=BC. 

7. Since CT.CN'= CA* {Prop. VIII.) 

.-. CT : (7.4 :: CA : CJV, 

:: <7P: ^g, 
.-. ^ Q is parallel to Pr. 
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8. If P be one of the points where the ellipse and hyper- 
bola intersect, and 8 and 8' the common foci ; then 

The line FT which bisects the /. 8FS', is a normal to the 
ellipse, and a tangent to the hyperbola at the point P. 

.'. the earves intersect at right angles. 

9. Alt : FN:: AT: TN, 
and Ar : FN v. A' T : TN, 

.-. AB.A'r : F2P :: AT.A'T: TN^, 

:: CA*-Cr : TN*, 
:: CT. ON- GT : TN*, 
:: CT. TN : TN\ 
;: CT: TN, 
:: CT. CN: CN . TN, 
y. AC* : AN. A'N{Frop. X.) 

or AB . A'r : AC* :: FN* : AN. A'N, 

:: BC* : AC*(Frop.X.) 
.\ AB . A'r = BC* = AB' . A'r'. 

10. See fig. Frop. XXI. 

Let LPl, L'F'i \)Q the two' tangents ; then 

CL.Cl'^CS*= GL' . GV {Prop. XXII.) 
.-. CL : CL' :: GV : Gl, 
.'. LX \% parallel to Ul. 

11. See fig. Frap. XVII. 

Since the L GE8 is a right angle, 

.-. SE : CE :-. AG : AG, 

:: BC : AC, 
But i. (7^ = ^ a (Prop. XVII.) 

.-. 8E=BG. 
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12. See fig. Brcyp. XVIL 

GE : GO :: GX : (7^, 

:: GA : GS (Prop. II.) 
.'. AEis parallel to 80. 

13. Since GP'<j^ GD" ^ AG^cr^ BG^ {Prop. XXIV.) 

.-. liAG^^BG* 
GP" = Giy. 

14. NG : NG :: BG': A G' {Prop. IX.) 

.-. i{BG' = AG^ 

NG==NG, 
.-. PG= GP. 

15. See fig. Prop. XXV. 

Join QP, QF; bisect ^P, QF in C and ZT', and join 
GU, GU'; then 

since QF is parallel to GU, and O^^to 0^7', 

.•. OCT bisects the chords parallel to GU', 

and GU' bisects the chords parallel to GU; 

. '. GU and GU' are in the directions of conjugate diameters. 

But in a rectangular hyperbola the conjugate diameters are 
equal (Prob. 13), and are therefore equally inclined to either 
asymptote. 

Hence QP and QF, which are parallel to conjugate 
diameters, are also equally inclined to either asymptote. 

16. See fig. Prop. XXIII. 

Since GPLD is a parallelogram, and that the diameters of 
a parallelogram bisect each otner, 

.*. PD is bisected by GL, 

17. See fig. Prop. XVI. 

Join AP, and produce it both ways to meet the lines 
drawn through A' parallel to GR and Ur in Q and Q. Also 
let Q Q meet GB and Gr in U and U'] then 

PU^A U, miPU'=^AU (Prop. XIX.) 
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But nnce A A is bisected in C, 

QU^AU.zxA QV = Air, 
r. PQ = UTT, tmiPg^ UW, 
.-. PQ = P^. 

18. See fig. Prop. XXXII. 

8P= PI {Prop, xxxn.) 

= CB^AC{Prop.XVlL) 
80 a\Bo ST = CB--Ba 

.-. 8'r^8P=AG''Ba 

19. Draw CE parallel to 8Py and BE perpendicular to 
CE; also draw 81 and 8'Y' perpendicular to the tangent at 
P; then 

the triangles DEG^ 8PYBie similar. 



.-. BE : CB 



.-. BE" : GB" 



8Y: 8P, 

&Y' : 8'P{Prop.:SJL) 
8Y,8^Y' : 8P.S'P, 
BG* : GB" {Prop, XXXII.) 
.-. BE=BG. 



20. Let GP, GB be the given conjugate diameters. 

Join PB, and bisect PB in H; and join GJSi 

Also draw (/^parallel to PB; then 

GH and GK are the asymptotes. 

Bisect the angle HGK by the line GA, and draw GB at 
right angles to GA ; then 

GA and GB are in the directions of the axes. 

Draw the ordinate PN^ and the tangent PT parallel to 
GB, meeting CiV'in T. 

Take GA a mean proportional between (737" and OjT; then 

GA is the transverse semi-axis. 
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Also produce NP and CH to meet in B, and take BC & 
fourth proportional to BN, PN, and A C, so that 

BN: PNi: AG : BG. 

Then 5 C is the conjugate semi-axis. 

21. Draw the ordinate PN; then, since the hyperbola is 
rectangular, 

PIP =GIP- GA' (Prop. X.) 

.: PN* + AC= GN\ 

or A(^ = P(^. 

.:AQ = PQ. 

22. See fig. B-op. XXV. 

Let GP and GD be a pair of conjugate diameters, which 
will be equal, since the hyperbola is rectangular. 

Let QV, drawn parallel to CD, pass through the focus S, 
and let it meet the hyberbola again in q. 

Through 8 draw the chord SQV'i parallel to GP, 
meeting both branches of the hyperbola, and intersecting 
Giy in v. 

Draw the ordinates PN, IfM at right angles to the 
transverse axis, and let the tangents at P and I)' meet this 
axis in the points T and T respectively ; then 

GV : GP" GS: GT. 

But G8.GX=GA' = CN.GT (Props. IL and VIH.) 

.-. G8 : GT:: GN : GX, 

Hence GV : GP' :: GN^ : GX" . . . . (1). 

Again Cr : GIT :: G8 : GT. 

But GT . GM' = GA' (Prop. XV.) 

= G8.GX (Prop. II.) 

.-. G8 : Cr :: GM' : GX, 

Hence CV" : CI/' :: CM'* : GX' . . . . (2). 
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.-. from (1) and (2), 
CV'-CV* : CI* 



Bnt 



Bat 
and 



CN* - CM'* : CX', 

C2f - P2f* : GX* (Prop. XVI.) 

AC* : CX'iProp.X.) 

CS* : CA* (Prop. IL) 

CS' = 2CA', 
CV*-CV'* = 2C£', 
CV-CP* ==CP*-\.CV'\ 

QV* = CV-CP' (Prop. XXVL) 
Qr* = GV'+ CP* (Prop. XXVL C<»-) 
.: QV=QV, 
or Qq = qrf. 



23. Since the hyperbola Is rectangular, 

.-. P2!r = CN. NT (Prop. X) 

.-. PN : NT'.: CN : PN, 

. •. the angle PTN= the angle CPN, 

. •. the angle TCY= the angle PCN. 

Hence CY: CT :: CN : GP, 

.\ C7. CP=CN. GT, 

= CA' (Prop. VIII.) 
.-. CT : CA :: OA : CP, 
.•. the triangles CYA, GAP axe similar. 

21 3ee fig. Prop. XVII, 

Let Q be the centre of the circle. 

Draw QF tit right angles to CO, and let the latus rectum 
8L be produced to meet the asymptote CB in S; then 

QF: QG :: CA : CO, 

:: BC : G8. 1 
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.-. QF : QF-\- QC :: BC : BC + C8; 
or QF : BC :: AC : B'8, . . . . (1); 

where 8, is the focus of the conjugate hyperbola (Art 56). 
Again, L8' : C8' - CA' :: BC : AC, (Prop. X.) 
or LS" : BC :: BC : AC, 

.-. L8 : BC :: BC : ^C, 
and HS : 5C :: Ofi^ : AC, 

.: EL : BC :: C 8 - BC : AC, 

:: B8, : AC . . . . (2). 
Now BS, . 5'iS, = CS* - CB*, 

= AC, 
.-. AC : B'8, :: B8, : AC 
Hence QF : BC :: HL : BC, 

.-. QF=HL. 

25. See fig. Prop. XIX. 

Let the chords be drawn parallel to CR ; then 
GH. HE'. RQ.QBf :: CB^ : iiiJ", 
or CH. CH' : PL* :: GR -. ARV* {Prop. XX.) 

:: CU : APU, 
.'. AGE. CE' = CU = AGE*, 
.: CE.CE' = GK^. 

26. RK . RP:: P'K' : P'22', 

but PR = P'R' {Prop. XIX) 

.-. BK=FK', 
so also ^^' = PK. 

27. Draw iiJIf perpendicular to ^.4' produced; then 

RM : PN :: ^3f : AN, 
and iZJIf : <2iV :: A'M : ^'JV; 
.-. iJilf» : PN.QN :: ^if . 4'Jf : AN. A'N, 
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but PN.QN^AN.A'N, 

.'. RM^^AM.A'M. 

/• the locus of 12 is a rectangular hyperbola, of which 
A A' is the transverse axis. 

28. See fig. Prop. XXIII. 

Let P be one of the points in which the hyperbola in the 
figure intersect the hyperbola whose axes are in the directions 
of CL and CV ; then, since the hyperbolas are rectangular 
and equal, it is evident that 

GP bisects the angle RON. 

Now the angle CPT= the angle PCD, 

= 2 . the angle P CH, 

= the angle jR CN, 

= half a right angle. 

/. the angle between the tangents to the hyperbolas at P is 
a right angle. 

29. Join A^P, and draw PK at right angles to A'P, meet- 
ing the transverse axis in K ; then 

since PN^ : AN , A'N :: BG^ :'aO' {Prop. X.) 

/. A'N. NK : AN .A'N :: BG"" : AG\ 

or NK : AN :: BG' : AG\ 

:: QP : AQ, 

. •. NQ is parallel to PK, 

. •. also Q -5" drawn at right angles to QiV^ is parallel to A^P, 

Hence AH : HA' :: AQ : QP. 

30. Let SH be the given base ; and P, Q the points of 
trisection of a segment described upon it. 

It is evident that PQ is parallel to 8H. 

Bisect SH in X, and draw XM perpendicular to PQ, 
bisecting it in ilf ; then 

SP^ PQ = 2PM. 
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.•. the locus of P is a hyperbola whose focus is 8y and 
directrix XM. 

31. Since the triangles SCs, TCt are equal {Prop, XXII.) 

/. also the triangles TVS, tVs are equal, 

and the L 8 VT is equal to the Z. s Vt, 
.-. rS : Vs :: Vt : VT {Euclid, VI. 14) 

32. See fig. Prop. XIL 

Let S'Y' meet the auxiliary circle in Z*; and draw Z^M' 
perpendicular to 8'P, then 

S'M' : 8'Z' :: 8'Y' : S'P, 

.-. 8'M\8T=.S'Z .ST, 

= BC' (Prop, XII.) 

.*. Z'M' is the chord of contact of the pair of tangents 
drawn from P to the circle whose centre is 8, and radius BC. 

Again, since CT produced passes through Z', and CT is 
parallel to 8P, 

.'. the Z. CZ*M* is a right angle, 

. •. Z'M' touches the auxiliary circle. 

33. (1) Let G be between A and B ; and let the tangents 
A Q, BR meet in P ; then 

AP^ PB==AQ^ BR, 

= AG^ BO. 

Therefore the locus of P is a hyperbola, of which A and 
B are the foci ; unless A Gib equal to BG, when the locus is 
a straight line bisecting AB 9,t right angles. 

(2) Let C be on -4-B produced, and let the tangents AQy 
BR as before meet in P ; then 

AP + BP = AQ + BR, 

= AG + BG, 

.*. the locus of P is an ellipse. 
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34. Draw ^Jlf perpendicnlar to ^^4'; then 

QM : AM:: FN: AN, 
and QM : A'M :: FN : A'N, 
.-. QM^ : AM. A'M :: PJV» : AN. A'N, 

:: BC* : AC 

.". the locus of ^ is a hyperhola, of which AC and BC are 
the semi-axes. 

35. Since PF . CD = AC . BC,\ ,r> wir^ n 

^^A PF . PQ = BC*. ] ^Prop.XXN. Cor.) 

.: CD : PG :: AC : BC; 

hence, when the hyperbola is rectangular, 

PQ=CD = PL (Prop. XXIII.) 

and PL = PI (Prop. XIX. Cor.) 

.'. the angle LGlJa& right angle. 

36. Let A be the common yertex, and NPQ a common 
ordinate to the ellipse and parabola ; then 

PN* : AN. A'N :: BC : AC, 

or denoting the diameter of the circle of curvature at A 
by 2B. 

PN' : AN. A'N :: B . AC : AC {Prop. XXVI. EUipse) 

:: B : AC, 
:: 2B.AN : 2 AG . AN, 

.-. PN* : 2B .AN :: AN. A'N : 2 AC . AN. 

:: A'N : 2 AC. 

But QN' = 4:A8.AN, 

= 2B.AN (Prop. XIX. Paraiola) 

.'. PN* : QN' :: A'N : 2 AC. 
Now in the ellipse ^'iVis less than 2 AC, 

.-. PN is <, QN. 
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Again, if PN is an ordinate of the hyperbola, the same 
demonstration applies^ except that 

mi.\PN> QN. 

37. Produce RQ io meet the asymptote in r, and draw 
PL parallel to CR\ meeting CR in L ; then 

since Rr is bisected in Q {Prop. XIX. Cor, 1) 

.-. 2QK^ GRy 

= CL^ RL. 
But RL = Pff, 
since RP = RT {Prop. XIX.) 
.-. 2QK^ GL-\-FE\ 
=^PH+P'H\ 

38. Draw PHy P'H' parallel to one asymptote, and PK 
P'K' parallel to the other. 

Let PHy PK' meet in Q, and FH\ PK'mQ] then 

PH,PK = PS . FK' {Prop. XXL) 

.-. PH'.FK :: FE' : PK, 

or GK'.KQ :: GK iK'Q, 

.*. QQ passes through C. 

39. Draw PHy PK parallel to the sides CFy GE of the 
rectangle; then 

4PH.PK= GE.GF, 

and is therefore constant. 

Hence the locus of P is a rectangular hyperbola, of which 
the sides of the rectangle are asymptotes. 



40. Let the tangent at P meet the asymptotes CJf, GN in 
L and L 

£ 
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Join JOT; then 

PJf and FN axe tangents to the ellipse {Art. 36, Def^ 
. '. the tangent at Q is parallel to MN {Prop. XV 111. Ellipse,) 
Also, since LI is bisected in P {Prep. XIX. Car. 1.) 
.'. CL and CI are bisected in Jf and N, 

.'. LI is parallel to MN^ 
.'. the tangents at Pand Q are parallel. 

41. NP.NQ = AN. AN, 

.-. PN^ : NP.NQ :: P(7* : ^C', 
or PNiQN:: BC':AC% 

:: BC:BC, 

if P'C be a third proportional to P(7 and AC, 
.-. QN'.PN' :: B'C:SC\ 
and P-^^« : ^i^. A'N :: P(7' : ^C*, 
.-. QN^ : AN. AN :: B'C^ : -40», 

.". the locus of Q is a hyperbola, of which A C and B'C 
are the transverse and conjugate semi-axes. 

42. See fig. Pr(>p. XXV. 

Let PF be the diameter, and Q any point on the curve. 

Join PC P'Q, and draw CZ7 parallel to P'Qy bisecting 
PQ in the point U. 

Then if CTT be drawn parallel to PQ, CU and GET" will 
be conjugate diameters, and therefore (see Proh. 15) will 
make equal angles with CR, as also with CP and CD. 

Hence LQPP' - LQPP =^ LU'CF ^ LUCP, 

^LU'CF ^LU'CD, 
= LFCD. 

43. Let rP< be a common tangent to the hyperbola and 
any one of the elliptic quadrants APB^ and let it meet the 
asymptotes C-4, CB in T and U 
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Draw the ordinates PN^ Pn parallel respectively to Ct and 
GT', then 

since TPt is bisected in P {Prop. XIX. Cor, 1.) 
.•. CT Is bisected in N. 
But from the ellipse AC = GN .GT, 

r.AG'.= 2GN\ 
So also BG' = 2Gn% 

r.AG'iBG':: GN' : Gn\ 
.'.AGiBGi: GN: Gn, 
.'.AG.BGiBG":: GN. Gn : Gn\ 
r.AG.BG ^2GN. Gn, 

= \GS\ (Prop. XXL) 

44. Produce OP to meet GD, the diameter conjugate to 
GP, in P; then 

OPiPQ :: GP'.PF, 

.-. op:pf= PQ.GP, 

= CP', 
. •. is the centre of the circle of curvature at P. {Prop, XXIX.) 

45. See fig. Prop. XXV. 

Let Gl and GL be conjugate diameters of an ellipse, with 
G as centre, described touching the hyperbola, of which Gl 
and GL are asymptotes, in P. 

Draw the common tangent LP I, and from the point L draw 
LDl\ touching the conjugate hyperbola in D ; then 

GP and GD are conjugate diameters of the hyperbola, 
and PB is parallel to IV. {Prop. XXIIL) 

£ 2 
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Join P2), meeting GL in M\ then 

since PD is a parallelogram, 

.-. MD = PM. 

Hence, since GL and GV are conjugate diameters of the 
ellipse, 

.'. 2> is a point on the ellipse; 

and, since the tangent to the ellipse at P is parallel to GD, 

.'. the tangent to the ellipse at D is parallel to GPy 

.'. LD touches the ellipse at i), 

or the ellipse and hyperbola have a common tangent at D, 
and therefore touch one another. 

Also CP and CD are conjugate diameters of the ellipse, as 
well as of the hyperbola. 

46. Let 0, O' be the points where the common tangents 
QP, QF touch the hyperbola, and P, P' the points where 
they touch the ellipse. 

Through 0, the point of intersection of QP and Q'P'y draw 
CO, meeting PF and QQ in CTand F respectively. 

Join CQy CQ meeting the ellipse in j, <i ; then 

since QQ, PF are bisected in V and Z7, they are evidently 
parallel. 

Now, since a line drawn through y, parallel to PP and 
QQ y will be bisected by CTJV^ whether it be terminated by 
the ellipse or CQ, it is evident that 

q^<l is parallel to QQ, 

Rence CQ: CQ' :: Cq : Cq', 

.-.an ellipse similar to the given ellipse, and having also G' 
for its centre, can be described through the points Q and Q. 

47. Let PO, P'O' be the radii of curvature at P and P' 
respectively ; and let PP, P'F' be the perpendiculars from P 
and P', upon the diameters CD and CD\ conjugate respectively 
to CP^ndCF; then 
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PO , PF^ CD'' {Prop. XXIX.) 
.-. PO.PF. CD ^ CUP, 
orPO,AC.BC== CD'iProp.XXY. Cor,) 
SoBlsoFa .AC,BC= cir, 

.', PO : FO' :: Clf : CB^ 

:: CF : CP^ {Proh. 13), 
since the hyperbola is rectangular. 

48. Let R and 8 be two of the points of intersection on 
the same side o{ PQ; and let PQ intersect the hyperbola in 
p and q. 

Draw OF bisecting PQ in V; then 

since I^ == Qq {Prep. XIX.) 

.'. F is also the middle point of pq. 

Now, since the chords which are drawn parallel to PQ are 
bisected both in the ellipse and hyperbola by OF, it is 
evident that the chord drawn from iZ, parallel to PQ, must 
meet the ellipse and hyperbola in the same point 

Hence US is parallel to PQ. 

So also, if R, 8' be the points of intersection of the hyper- 
bola and ellipse on the other side of PQ, 

R'8' is parallel to PQ. 

Produce PR to meet OF in T, and produce T8 to meet 
PQ in Q'; then if R8 meet OFin Jf, 

QfV : TV :: bM : TM, 

:: RM : TM, 

PV: TV, 

QV : TV, 

.'. Q and Qf coincide, 

and T8 passes through the point Q. 

Hence, since the tangents to the hyperbola at R and 8 
meet OF in the same point {Prop. XaVIL Cor.), and PR 









54 CONIC SEcnoNS. 

and Q8 have also been proved to intersect on F, it is evi- 
dent that^ 

if PR is the tangent at B, 

Q 8 must also be the tangent at S. 
Lastly, whether U be the point where BQ or P8' intersects 

ov, 

MU: UV:: BM : PV, 
.', BQ and P8 meet on the line V, which bisects PQ. 

49. Let the points A and B be on the same branch of the 
hyperbola. 

Let A Q and BP intersect in B, join CB, and produce OR 
to meet A Bin 0; then, since the angles at P and Q are right 
angles, and the three perpendiculars from the angles of a 
triangle on the opposite sides meet in a point, 

.', CR is at right angles to AB. 

Now by similar triangles 

CO : OA :: BO : OB, 
,\ CO. 0B= OA.BO. 

Hence, by the converse of the Cor, of Prop, XXVIII., since 
the hyperbola is rectangular, G is also a point on the hyper- 
bola, but situated on the opposite branch to th^t on which AB 
is drawn, and on which C moves. 



00 



PKOBLEMS ON THE SECTIONS OF THE CONE. 

1. See fig. Prop, I. 

Let C be the centre of the sphere inscribed in the cone, and 
touching the plane of the parabolic section in the focus 8. 

Join GA, GE\ then 

since ASi^ parallel to Oe, 

it is evident that 

the /. ^ C is a right angle. 



Now 


SA : AO :: 


AE : AO. 


But since 


AE : AG :: 


AC : AQ, 




.-. AE : AO :: 


AC' : AO'. 


Hence 


8A : AO :: 


AC : AO', 



.'. the ratio of 8 A to ^ is independent of the position 
of the point A, and depends only upon the vertical angle of 
the cone. 

The foci therefore of all parabolic sections made by planes 

1)erpendicular to the plane of the paper, will be upon a straight 
ine drawn through ; and the foci of all the parabolic sec- 
tions that can be made by any planes, upon the surface of the 
cone formed by the revolution of this line round the axis of 
the given cone. 

2. See fig. 2, Prop. I. 

C8 : GA :: 8A : AX, 
:: AE : AX, 
Now if the ratio of AE to AX is fixed, 

since A EX is a fixed angle, 

and AEi& less than AX, 

and AXE is therefore less than a right angle ; 
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the Ji^XE is fixed, and can have only one value (Euclid. 
VI. 7). 

. *. also the /_ 8 A is fixed. 

Draw -4 C to the centre of the inscribed sphere bisecting 
the angle 8 A ; then the angle C'AEia a fixed angle. 

Now 8A : AO :: AE : AO, 

and the ratio of -^4 B to AO is compounded of the ratios of 
AE : AC and AC : AO; but since the I G'AE is fixed, 
the ratios of AE: AG\ and AC : AO sltq both fixed ratios. 

Hence 8 A : AO i& Sk fixed ratio. 

Therefore, as in the preceding problem, the locus of £f is a 
cone, having for its vertex. 

In the same manner it may be shown that* the other focus 
8' will always lie on another cone which has also for its 
vertex. 

3. See fig. 2, Prop. I. 

Let AA^ be the major axis of one of the ellipses. 

Since the cutting planes are parallel, the major axes of the 
elliptic sections will be parallel also. 

Hence, if be joined with the middle point of AA\ the 
line so drawn will also pass through the centres of all the 
other elliptic sections. 

If through this line a plane be drawn perpendicular to the 

Slane of the paper, the extremities of the minor axes will all 
e on the two lines in which this plane intersects the surface 
of the cone. 

4. See fig. 1, Prop, I. 

The latus rectum = 4^5, 

and in Prob. 1 it has been shown that A 8 bears a ratio 
to A 0, depending only upon the vertical angle of the cone. 

Hence the latus rectum varies ets AO. 
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5. See fig. 3, Prop. I. 

The angle KOL represents half the angle between the 
asymptotes of the section made by a plane parallel to KOL. 

Now, in the rectangular hyperbola, the angle between the 
asymptotes is a right angle, and the greatest value which 
KOL admits of is half the vertical angle of the cone. 

Hence, if the vertical angle of the cone is less than a right 
angle, it will be impossible to cut it in such a manner that the 
section may be an equilateral hyperbola. 

When the vertical angle is a right angle, any section made 
by a plane parallel to a plane through the axis will intersect 
the curve in a rectangular hyperbola. 

When the angle R Or is greater than a right angle, bisect 
OR in V, and draw VZ at right angles to OR, making VZ 
equal to F, and join OZ] then 

0^ = 2 OZ*. 

With centre 0, and radius OZ, describe a circle, cutting 
Rr in L ; then 

KU = OK^ - 0L\ 

= 0R^- 0L\ 

Hence the angle KOL is half a right angle, and therefore 
any plane parallel to KOL will intersect the cone in an 
equilateral hyperbola. 

6. When the cutting plane is parallel to 01 and Ot, the 
perpendicular firom on the cutting plane is the conjugate 
semi-axis of both hyperbolas. 

The latera recta are therefore inversely proportional to the 
transverse axes. (Art. 48.) 

Also O-D, Od^ and 02?, Od^ are parallel to the asymptotes 
of the hyperbolas in the cones whose axes are respectively 
01 and OL 

Let Oa, ahy measured along and perpendicular to 01^ 
represent the semi-axes of the one hyperbola, and Ody dV, 
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measured along and perpendicular to Ot, the semi-axes of 
the other hyperbola. 

Then Oa I ah :: 01 : Oi 

and aV : Oa :: 01 : Oi; 

.*. since ah = a'b\ 

'Oa : Oa' :: OP : Oi\ 

.'. the latera recta are as Oi^ : OF, 

Next, when the cutting plane is perpendicular to 01 and 
Oiy the transverse axis of the hyperbola is equal to the major 
axis of the ellipse. 

Let A A' be the common axis (see fig. 3, Prep. I.), G the 
common centre; then, if Cuvl be drawn parallel to O/, 
meeting OjD, Od! in u and u ; then 

the latera recta are as CU , CU' : Gu . Gu' {Prop, I.) 

as Oi^ : OP. 
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APPENDIX. 

1. The following is an independent solution of Proh, 26 
of the Parabola. 

Join -4P, AQ^ and let them meet in p and q, the line 
drawn through at right angles to the axis ; then, since 

Op : PM \: AO : AM, 

and PJf: 4:A8 :: AM : PM, 

.-. Op :'4:A8 :: AO : PM. 

So also Oq : 4:A8 :: A : QN, 

.-. Op : Oq :: QN : PM, 

:: QO : PO, 

,\ pQ is parallel to Pq, 

.*. Ap : AP :: AQ : Aq, 

.'. AO : AM:: AN : Ad, 

.-. AO'^AM.AK 

2. The following proof of the more general property, of 
which Prob, 44 of the ellise isa particular case, is deserving 
of notice. 

Let be any point. It is required to find the locus of the 
middle points of chords drawn through 0. 

Join C, and produce it to meet the ellipse in K and K*. 

Draw any chord POp, and let Q be its middle point, and 
through K draw the chord KB parallel to POp. Produce 
GQ to meet KM in r ; then KB is bisected in r. 

Hence OQ : Kr :: OC : CK, 

.-. OQ : KB :: OC : KK, 

i.e. Q bears a constant ratio to KB, 

,\ the locus of Q is an ellipse similar to the given ellipse. 
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